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Aiming an Electromagnetic Beam by Bending Segments
of a Large Reflecting Surface

David Bushnell*
LockheedPalo Alto Research Laboratory, PaloAlto, Calif.

Formulas are derived for initial and residual root-mean-squared (rms) surface shape error and edge moments
and force amplitudes for a deformable primary reflecting surface composed of an array of relatively small
diameter circular elements. These formulas apply to the reshapement of large shallow primary reflectors in such
a way that the reflector at the focus of the primary (the secondary) does not move. The edge moment and force
resultants required to minimize the rms residual surface error of each circular element of the primary are derived
for n = 0 and n = \ circumferential waves from a shallow shell theory published by Reissner in 1946 and for n > 2
circumferential waves from an inextensional bending theory published by Flugge in 1960. It is found that for
reasonable configurations most of the residual rms surface error is axisymmetric and proportional to the square
of the diameter-to-thickness ratio of the circular elements. The formulas demonstrate clearly that sandwich wall
construction is superior to monocoque, permitting the use of thinner, lighter shells and smaller actuation forces
and moments.
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Nomenclature
Kelvin functions of order zero, (see Ref . 10)
extensional rigidity, Eq. (45a)
coso;
primary array diameter
circular element diameter
Young's modulus of wall material in face sheets
of sandwich
residual rms surface error in circular element
corresponding to n circumferential waves
initial rms error in circular element for n cir-
cumferential waves
initial rms error in entire primary array
residual rms error in entire primary array
ratio of face sheet thickness to total thickness,
e = W
stress function, defined in Ref. 2
primary array /number :/=/?/ (2D)
coefficients of trigonometric expansion of initial
error, wr(r,0)
Bessel functions of order / (see Ref. 10)
(-D' / J
unit vectors associated with the x,y,z axes,
respectively
vectors (not unit) associated with x" ,y" ,z" axes,
respectively; Eqs .(11, 13, and 7)
flexural rigidity, Eq. (45b)
Reissner number, Eq. (44); k4 = C(\-
v2)/(KR2)
direction cosines as defined by Eqs. (6) and (14)
(edge moment)/(circumferential arc length) of
circular element, Fig. 5
(twisting moment)/(arc length) of circular
element
(meridional stress resultant)/(circular arc
length), Fig. 5
number of circumferential waves around cir-
cumference of circular element
quantity defined in Eq. (28)
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Q = transverse shear force resultant at edge of cir-
cular element

R = radius of curvature of the circular elements
before reshapement

r,0 = polar coordinates for circular element, Figs. 3
and 5

r0 - radius of circular element, Fig. 5
s = sine*
t = shell wall thickness; for sandwich t = 2tface + tcore
V = (normal force)/(circumferential arc length) of

circular element, Fig. 5; V=Q+ (dMre/d6)/r
wr = displacement distribution in z" direction requir-

ed for reshaping the circular spherical element to
a part of a paraboloid, Fig. 2

w = displacement distribution in z" direction due to
edge loads on circular element

x,y,z = coordinate system attached to the apex of the
primary array before reshapement or retargeting,
Fig. 2

x',y'tz' = coordinate system attached to apex of the
paraboloidal retargeted primary array, Fig. 2

x",y",z" - coordinate system attached to circular element,
the apex of which lies on the retargeted primary
array, as shown in Fig. 3

r,Z -defined by Eqs. (4)
yo-zo = coodinates, in-x,y,z system, of apex of retargeted

paraboloid
y — variable used in asymptotic expansion of Bessel

functions, Eqs. (58),j = z2 /4
z -complex variable; argument of Bessel functions;

y'c,r'c -defined in Eqs. (23a) and (23b) and Fig. 4
a = retargeting angle
0 = angle defined in Fig. 6
77,17* = quantities defined in Eqs. (74) and (75)
X — wavelength of electromagnetic radiation
v = Poisson's ratio of wall material
0 = polar angle in circular segment, Fig. 5
p —density of wall material
6 -circumferential coordinate in circular element,

Figs. 3 and 5

Subscripts
c = pertaining to centroid or apex of circular element
core -core of sandwich wall
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face = face sheet of sandwich wall
/ = initial rms surface figure error
n = number of circumferential waves in circular

element

Introduction

A CONVENTIONAL electromagnetic reflecting system
consists of a primary paraboloidal reflecting surface (the

"primary"), a relatively small secondary reflecting surface at
the focus of the primary (the "secondary"), and a supporting
structure that cradles the primary and maintains the position
of the secondary at the focus of the primary. The elec-
tromagnetic axis (labeled "original axis of revolution" in Fig.
1) is usually aimed by swinging the entire system as a rigid
body about an axis perpendicular to the axis of revolution.

The paper is concerned with an unconventional reflecting
system: the secondary and its supporting structure and the
cradle for the primary are rigidly connected; but as the system
is aimed, the primary itself moves and is deformed relative to
this cradle while the secondary remains at the focus of the
primary and fixed in inertial space. The primary consists of an
array of identical elements of circular planform, as shown in
Fig. 1. The elements are initially spherical with radius of
curvature R. The primary array is reshaped in the following
way: each circular element is first positioned as a rigid body
by means of actuators for axial displacement and tilt, as
indicated in Fig. 2b by the two surfaces S and S". Each cir-
cular element is then deformed or reshaped by edge moment
and force actuators distributed around its circumference. In
this way the surface, originally spherical with axis of
revolution z, becomes to a close approximation paraboloidal
with axis of revolution zr. Figure 2a shows the intersection of
the original spherical surface with the y,z plane and this in-
tersection after the primary axis of revolution has been
retargeted by an angle of a and its surface has been reshaped
into a part of a paraboloid. Note that reshapement is needed
even if a = 0, since the original surface is spherical and the
reshaped surface must be paraboloidal.

An advantage of a system with a deformable primary over
the conventional rigid reflecting system is that it is not
necessary to displace the secondary during a maneuver in
which the system is aimed in a new direction. Hence, it is
possible to design large systems with higher / numbers
(f=R/2D) without worrying about low-frequency structural
dynamic effects associated with a large rotatory inertia. Also,

SECONDARY
REFLECTING SURFACE

SUPPORTS FOR
SECONDARY

PRIMARY REFLECT ING
SURFACE CONSISTS OF
CIRCULAR ELEMENTS OF
DIAMETER, d

the large primary surface is constructed of relatively small
elements, all of which are identical. Hence, it is easier to
manufacture the array than it would be if the surface of each
of the elements formed a different part of a paraboloid.

In this paper the terms "surface error" and "error" are
used to denote the difference in the z" coordinate (Fig. 2b)
between the desired surface and the existing surface. "Initial
surface error" is the difference Az" between the desired
surface and the existing surface after rigid-body alignment of
the circular elements but before deformation of them by force
and moment actuators which are distributed around their
circumferences. "Residual surface error" is the difference
Az" between the desired surface and the existing surface after
rigid-body alignment and deformation by edge moments and
forces. These moments and forces are assumed to be applied
by actuators of such a number and arranged around the
circumference of each element in such a way that they
simulate cosnd variation of the loading. (The results of an
investigation of approximately how many actuators are
required to do this are included in Ref. 1.)

The purpose of this paper is to derive formulas for the
following:

1) Root-mean-squared (rms) difference between the new
paraboloidal retargeted surface and the surface of each
circular element after rigid-body axial positioning and tilt but
before reshaping by edge forces and moments (Fig. 2b).

2) rms residual surface error for each circular element after
rigid-body alignment and reshapement.

3) Edge moments and forces required to reshape each
circular element.

4) rms surface error of the entire array after rigid-body
alignment of the elements but before their reshapement.

5) rms residual surface error of the entire array after
reshapement.
These formulas are given in dimensionless forms in terms of
the following ratios:

D/\ — (primary array diameter)/(wavelength of elec-
tromagnetic radiation)

r-OLD SPHERICAL
SURFACE, S"

LELEMENT
CENTROID MOVES AXIALLY AND IS ROTATED AND THEN RESHAPED

————————————————————— D ——————————————————

CRADLE FOR THE
PRIMARY REFLECTING
SURFACE

Fig. 1 Large reflecting system with reshapeable primary array.

Fig. 2 Rotating the axis of revolution by an angle a while main-
taining the focus fixed in inertial space: a) old and new surfaces at the
intersection with the y,z plane; b) detail of rigid-body alignment of a
single element of the array; c) plan view of a section of the primary
array.
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D/R = (array diameter)/(original radius of curvature)
d/D = (circular element diameter)/(array diameter)
t/d ~ (wall thickness)/(circular element diameter)
e = (face sheet thickness)/(total wall thickness)
77* = dimensionless measure of position of circular

element in the primary array (rj* is a function also of
the retargeting angle a)

The derivation is based on theories developed by Reissner
and his colleagues2"5 and Flugge.6 Other work on defor-
mation of reflecting surfaces has been published by Mar and
Wan.7»8

This paper does not address questions of implementation,
such as what types of actuators and control laws should be
used for rigid-body alignment of the circular elements or what
types of actuators should be used to generate forces and
moments around the circumference of each circular element
in order to reshape it. It is tacitly assumed that such actuators
exist or can be developed. Additional work which bears upon
these questions is presented in Refs. 1 and 9.

Required Reshaping
The objective of the derivation of this section is to obtain

the displacement distribution wr(x",y") in the z" direction
required for reshapement of a single circular element, as
shown in Fig. 2b. The function wr(x",y") represents the
difference in z" between the new paraboloidal surface and the
old spherical surface after the element apex at (xc,yc) has
been moved axially so that it is on the new paraboloidal
surface at (xc,yc) (see Figs. 2 and 3) and after the element has
been tilted about its apex such that the normal to its surface is
aligned with the normal n to the new paraboloidal surface at
(xc,yc). The difference z^ew -ZQ\& = wr(x",y" ), where sub-
script r stands for "reshapement," is calculated by writing the
equations for the new and old surfaces in the x" ,y" ,z"
coordinate system, which is associated with the vector triad
i" J", n shown in Fig. 3. The spherical surface S" (after rigid-
body axial translation and tilting) is expressed in thex" ,y" >z"
system as

(Zoid ~R) 2+x" 2+y"2 — R2 (1)

The paraboloidal surface in the (x'ty',zr) coordinate system
is

' = (l/2R)(x'2+y'2) (2)

Without loss of generality, the movement of the apex of the
retargeted paraboloid as a. is increased can be considered to
take place in the y,z plane, so that x' =x. From Fig. 2a, it is
seen that

y'=Zs+Yc, z'=Zc-Ys (3)

in which (^^2^3) are the direction cosines of the x axis
relative to the (x",y",z" ) axes, respectively; (m1,m2,m3) are
the direction cosines of the y axis relative to (x",y",z")>
respectively, and (nlfn2,n3) are the direction cosines of the z-
axis relative to (x",y",z"), respectively. The coordinate
systems are shown in Fig. 3. These direction cosines can be
derived from an expression for the normal to the new surface

n=- (Idf/dx+j~df/dy + kdf/dz)

in which

f=x2+(Zcs+Ycc)2+2R(Ycs-Zcc)

where

(7)

(8)

(9)

and an expression for the tangent plane at xc,yc;

n-(i(x-xc) +j\y-yc)+k(z-zc) ) =0 (10)

The orientation of the vector pair (/",y") can be chosen ar-
bitrarily as long asy" is perpendicular to /" and both lie in a
plane tangent to the new paraboloidal surface at xc,yc. If i" is
chosen such that.y =.yc in Eq. (10), we can write

in which

Furthermore,

i" =/- (xc/a)k

a- (Ycc + Zcs)s-Rc

=nxi

(11)

(12)

(13)

From Eqs. (7), (11), and (13) and the definitions of the
direction cosines given just after Eq. (6), it follows that

£7 = 7/17" I; I2 = 2xcb/(a\f"\); t3=-2xc/\n\ (14a)

m,=0; m2=-2(x2 + a 2 ) / ( a \ j ~ " \ ) ; m3=-2b/\n\ (14b)

nj = -xc/(a\~i"\); n2=2b/\j~"\; n3=-2a/\n\ (14c)

in which

With use of Eq. (5) for the new paraboloidal surface written
in the x,y,z coordinate system and the transformation of Eq.
(6), one can write the equation for the new surface in the form

in which

c==cosa, 5 = sina, Z = z — Z0> Y=y—y0

y0=(R/2)s, z0=(R/2)(l-c)

Zc- Ys= (l/2R)[x2 + (Zs+ Yc) 2]

(4)

Therefore, in the (x,y,z) system of coordinates the
paraboloidal surface is

(5)

In order to write Eq. (5) in the (x",y",z" ) coordinate system,
we must use the transformation

ml m2 m3

13 J

(6)

NEW PARABOLOIDAL
SURFACE -

•y , j

Fig. 3 x",y",z" coordinate system attached to the apex of a circular
element after rigid-body alignment.
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in which

A"=t2
3+(cm3+sn3)2 (17 a)

B" = -djt3-d2(cm3+sn3) -R(sm3-cn3) (17b)

C"=d] + d2
2+2Rd3 (17c)

where

dj stjx" + t2y" +*c (18a)

d2=c(m1x" +m2y" +yc-y0) + s(njX" +n2y" + zc-z0)

(18b)

d3=s(mIx" +m2y" +yc-y0) -c(njXff + n2y" +zc-z0)

(18c)

The displacement field wr (x" ,y" ) is given by

B" B" ( A"C"\ M

(19)

(20)

where

V (x*,y* ) =<ew -z^ =——

in which
2 =" 2 " 2

The quantities A"C"IB"2 and ( r / R ) 2 are very small
compared to unity, so that the square roots can be expanded,
leading to the approximation

1C" 1A"C"2 1 r\2 1

At/2C"3 R / r\6
6 B" (21)

B" = ejx" +e2y" + (r'c2+R2) '*

C"=aux"2+2a12x"y" +a22y"2

in which

r'c2=x2
c+y'c2

From Eqs. (17) with Eqs. (18) and (14), it can be shown, after
some algebra, that

(22a)

(22b)

(22c)

(23a)

(23b)

(23c)

(23d)

(23e)

(23f)

(23g)

e]=x*cRc/[(l+x*2)(r'c2+R2)]'/>

/[(l+x*2)l/2(r'c2

n = (l+s2x*2)/(l+x*c
2)

l+x*c
2

'cc + Rs)2]}/(r'c2+R2)

x*=xc/(y'cs-Rc) (24)

The reshapement required for any circular element in the
primary array can be obtained from Eq. (21) with Eqs. (22-24)
in which xc is set equal to zero. The reason for this sim-
plification becomes clear after inspection of Fig. 4,
recollection that the undeformed circular elements are all
spherical and identical, and the following argument: the
reshapement required for any circular element with its apex
located at a distance r'c from the axis or revolution zf of the
paraboloid is the same except for a phase angle

y = tan~! (xc/y^) (25)

Since the root-mean-squared initial deviation from the
paraboloidal shape and the rms residual error after ap-
plication of edge loads are independent of this phase angle,
these quantities can be calculated with good approximation
for the entire array from a knowledge of them at locations in
the y,z plane. Given y'c, the locus of points in the x,y plane for
which the reshapement requirements are the same (except for
phase angle 7) is given by

y'c2=x2+(l/c2)(y-y0+y'c2s/(2R))2 (26)

The simplifications due to setting xc = 0 in Eqs. (23) lead to

A"=y'c2/q2 (27a)

B"=q(l+Ry^rcosd/q3) (27b)

C" =r2 - (y^2/q2)r2cos26 (27c)

where
(y'c2 +R2) l/2 r=y"cos6 (28)

In Eq. (21) the last two terms on the right-hand side can be
neglected if

D( - Y (32000J5 ) < (allowable residual error) (29)

where D is the diameter of the primary array, dis the diameter
of a circular element, and f=R/( 2D) . It turns out that for
reasonable designs the inequality in Eq. (29) is satisfied.

The first two terms on the right-hand side of Eq. (21) are
given approximately by

8 B"

(30a)

(30b)

in which dots indicate higher-order terms in (Ry'c/q3)mr
cosmO.

Terms of order

D_ l_i d\s
WO~T\D)8200 f (31)

have been dropped from Eqs. (30) by truncation of the ex-
pansions of \/B" and \/B" 3. It turns out that for reasonable
designs the quantity in Eq. (31) is negligibly small compared
to terms retained.
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The reshapement required for any circular element, the
apex of which lies in the y,z plane, can be expressed as a
trigonometric series,

wr(x",y")=wr(r,e)= L, gn(r)comB
n = 0

(32)

Through use of Eqs. (30) in Eq. (21) and the trigonometric
identities,

cos20=(7 + cos20)/2 (33a)

(33b)

(33c)

The following formulas for gn (r) in Eq. (32) are obtained:

go(r} = ~^\R~~q + ̂ ~3)~^\R~3~^~

y^_ 3 R2y'c4 3 y'c6

+ ~q^*~2~^~ ~~8~^

_ -r3Ry'c / 3 y'c2

q7

(34)

(35)

_f2 y,2 4 R2y,2 y,,2

16 4 R2

(36)

(37)

(38)

Deformations Due to Loads at the Edge
The objective of this section is to determine the normal

deflections of a shallow spherical cap subjected to normal
loads and moments at the edge r = r0, as shown in Fig. 5. In
Fig. 5, the moment M and normal force V vary around the
circumference as

M= MncosnO V= VcosnO (39)
n = 0

The purpose of M and V is to cause the reshapement of each
of the circular elements according to Eq. (32). Since the
deflections other than rigid-body deflections are very small,
linear theory can be used. Hence, the total deformation can be
predicted by solution of the problem for each circumferential
harmonic and superposition of the resulting normal
displacement harmonics:

= 2^ wn(r)cosnd (40)

Only the cosnd variation of force and displacement are
considered because the reshapement required according to Eq.
(32) does not contain any sinnO terms.

Axisymmetric Deformations
Reissner2 derived equations governing the behavior of

arbitrarily loaded spherical caps and presented solutions for
axisymmetric loading in Ref. 3. For a shallow cap loaded only
at the edge, the governing equations are

V 2 V2F-
2etE
——R

- V2F=0
R

(41a)

(41b)

in which e is defined later, F is the stress function, K is the
flexural rigidity, and the operator V is given by

(42)

In Eq. (42) the subscripts indicate differentiation.
If the spherical cap is closed at its apex and if there is no

concentrated load there, the axisymmetric component of the
normal displacement field is given by

+ C3bei(kr) +C2 (43)

in which ber and bei are Kelvin functions of order zero 10 and

(44)

The quantity C is the extensional rigidity. For sandwich wall
construction, the extensional and flexural rigidities are given
by

2Ete eEt3 4) (45)

where / is the total thickness of the sandwich wall and e is the
ratio of the thickness of one face sheet to the total thickness.
(Thus, for monocoque wall construction e = 0.5.) Equations
(45) are valid if the extensional rigidity of the core is negligible
compared to C, as is the case with honeycomb material. The
meridional bending moment at the edge of the axisym-
metrically loaded shallow spherical cap is

(46)+ C3[ber(kr0)-(l-v)bei'(kr0)/(kr0)]}

and the meridional stress resultant N0 is

(47)

In Eqs. (46) and (47), superscript prime indicates dif-
ferentiation with respect to (kr) . The undetermined constants
C7 and C3 can be obtained for a free cap loaded at the edge by
a unit moment by setting N0 = 0 and M0 = 1 . Equilibrium of
axial forces requires that the transverse load VQ be zero at
r = r0. The constant C2 in Eq. (43) represents, within the
accuracy of Reissner's formulation, the rigid-body
displacement of the cap in the axial (z" ) direction.

In the derivation of the minimum mean-squared residual
surface figure error for n = 0, the axisymmetric displacement
field caused by an edge moment M0 plus the rigid-body axial
displacement is given by

(48)

The last term on the right-hand side of Eq. (48) is a more
accurate representation of the rigid-body displacement than
that given in Eq. (43). The constants Cl and C2 are calculated
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such that the mean-squared difference between w0 in Eq. (48)
and g0 in Eq. (34) is minimized. The edge moment M0
required to achieve this minimized error is then calculated
from Eq. (46), with

3 = CIbei'(kr0)/ber'(kr0) (49)

which results from the condition N0 = Qat r0.
For practical designs the argument kr is small enough to

permit use of the following asymptotic expansions for the
Kelvin functions:

ber(kr)=l-y2/(2\)2+y4/(4\)2-...

bei(Arr) =y-y3/(3l ) 2 +y5/ (5\ ) 2 - ...

in which

(50a)

(50b)

(51)

Solution for n = 1 Circumferential Wave
Reissner4 obtained solutions of Eqs. (41) for nonsymmetric

loading. In particular, for n=l circumferential wave, the
normal displacement for a cap closed at the apex is given by

w} (r,6) = [C1J1 (z) + C3Ij (z) + C2r]cosO (52)

where // and /, denote Bessel functions of order / and the
complex variable z is given by

= ( / ) * * Ar (53)

The edge moment M7 is

v)I2(z0)/z0]}cosO

and the boundary condition N1=0atr = r0 yields

2(l + 16/z2
0) - 4 J j / z 0 ]

+ I2(l-16/z2
0)+4II/z0} = 0

with the Bessel functions /,-, /, being evaluated at

(54)

(55)

(56)

The displacement field caused by an edge moment M1 plus the
rigid-body tilt about 6 = ir/2 is given by

(r) =C1[J1(z) +C0I} (57)

in which C0 = C3/C1 [obtained from Eq. (55)].
The constants Cl and C2 are calculated such that the mean-

squared difference between w; (r) in Eq. (57) and gj in Eq.
(35) is minimized. The edge moment M7 required to achieve
this minimized error is then calculated from Eq. (54) with C3
being calculated from Eq. (55).

For practical designs the argument z is small enough to
permit use of the following asymptotic expansions for the
Bessel functions:

(58a)(-y)

In order that the free cap remain in equilibrium under the
edge moment My, there must exist a normal reaction at the
edge:

(60)

is thewhere Qj is the transverse shear resultant and
twisting moment resultant.

Solution for n > 2 Circumferential Waves
The problem of general nonsymmetric deformations of

spherical caps loaded at the edge could be solved with use of
Reissner's equations (41) which yield normal displacement
fields analogous to that given in Eq. (52). Such an analysis
would lead to values of edge moment resultant Mn and
normal force resultant V'n that minimize the mean-squared
residual surface error in the nth circumferential harmonic. An
independent numerical analysis9 in which Mn and Vn are
derived without any restrictions on the displacement field
yields values for Mn and Vn that closely correspond to those
predicted with the assumption of inextensional bending.
Therefore, the assumption of inextensional bending for n>2
is made here. Johnson and Reissner5 studied inextensional
bending of shallow spherical caps. Flugge6 derived equations
for inextensional bending of spherical shells of any depth.
Wan11 determined that if [r0/(Rt) I/2][12(\ - v 2 ) } 1 / 4 >/?>!,
the state in the interior of an edge-loaded shallow spherical
shell is adequately predicted with use of inextensional bending
theory.

The normal displacement field for inextensional bending of
a spherical cap closed at the apex is given by Flugge6 as

wn (r,0) =C,,( A?+ cos0) tan "(0/2) cos/20 (61)

The polar angle 0 is shown in Fig. 5.
The meridional moment corresponding to this inex-

tensional displacement field is

CnK(l-v)n(n2-l) tan"(0/2)
Mn = ——————————— ——r-r-.— COS/20

R2 sin20

The inextensional bending field leads to

(62)

(63a)

(63b)

The constant Cn in Eq. (61) is calculated such that the mean-
squared difference between wn (r) in Eq. (61) and g2 or g3 or
g4 in Eqs. (36-38), respectively, is minimized. The edge
moment Mn required to achieve this minimized error is then
calculated from Eq. (62).

For practical designs the argument 0 is small enough to
permit use of the following relationships:

tan(0/2) = 1A (r/R) (64a)

(64b)

in which

(58b)

(59)

Mean-Squared Residual Surface Error
The total mean-squared residual surface error of a single

circular element of the primary array is the sum of the mean-
squared residual errors for each of the circumferential har-
monics n = 0 through 4. For each harmonic the mean-squared
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error over a circular element is

1 r2* C ro
E2 = —-\ (wn -gn) 2cos2nOrdrdO (65)

7T/0 JO JO

A Cro
= — (w _a ) Vdr (66)

r2
0 Jo , "

in which A — 2 if n = 0 and A = 1 if n > 0. For n = 0 and n = 1
the functions w0(r) and w 7 ( r ) each contain two un-
determined coefficients, C7 and C2, as seen in Eqs. (48) and
(57). These coefficients are determined by setting

d(E>)
^-=0 (67)

This minimization of the mean-squared error En with respect
to Cj and C2 yields

i22-a]2
2) (68a)

C2=(a1Ib2-a12b1)/(a11a22-a12
2) (68b)

in which

r ro fo
* // = 1 flr&r* ai2=\n fif2i/ I) v 0

gj,rdr

rdr (69)

where the displacement field wn has been taken to be

w n ( r ) = C ] f } ( r ) + C 2 f 2 ( r ) (70)

Corresponding to the values of C7 and C2 given in Eqs. (68),
it can be shown that the mean-squared residual surface error
is

E2
n = —2 \-Clbl -C2b2 + \'°g2

nrd^ (71)

If there is only one undetermined constant, as is the case for

(72)

(73)
in which

Cn=bI/a]

Calculation of the residual error is straightforward. The
functions // and f2 are obtained from Eqs. (48) with the
asymptotic expansions of Eq. (50), from Eq. (57) with the
asymptotic expansions of Eqs. (58), and from Eq. (64c). The
functions gn are obtained from Eqs. (34-38). In the cases n = 0
and n = 1, derivation of formulas for the residual errors is
extremely tedious, since three terms in the asymptotic ex-
pansions must be retained during the algebraic manipulations
in order to obtain the correct results. These manipulations
involve products of integrals as seen from Eq. (68), integrals
of products as seen from Eq. (69), and quotients as seen from
Eqs. (49), (57), and (68). Therefore, the formulas for rms
residual error for n = 0 and n = 1, given in the next section as
Eqs. (79) and (82), represent the final results after many pages
of algebra.

Approximate Formulas for the Initial and Residual Errors and Edge
Moments for n = 0,1, 2, 3, 4 Circumferential Waves

For small retargeting angles a and shallow primary arrays,
y'c in Fig. 4 is approximately given by

R D

in which

(74)

(75)

In addition, since y'c<R, the quantity qm which appears in
Eqs. (34-38) can be expanded thus,

AW V / < ?

7 +——^1~ + ••• (76)

Many of the higher-order terms in y'c/q, particularly those
multiplied by r4 in Eqs. (34) and (36), can be dropped.

Formulas for the initial and residual rms surface error are
to be given for each circumferential harmonic. The initial
surface error (error before reshapement) in the nth cir-
cumferential harmonic is defined as

(77)

The root-mean squared surface errors are given by EIn and
En. The following formulas for the root-mean-squared error
are written in dimensionless form in terms of design
parameters of the problem, D/\, D/R, d/D, t/d, e, and 17*
defined earlier.

n = 0 Circumferential Waves

^
- =1.52xlO~6- -
X X \D

(0.5-

M0 -e(0.5-e + 2e2/3)

(79)

4(1 -v)
d \ $
b)

n = 1 Circumferential Wave

E,i 1 D ,

E, 5.76 X 10 ~s D
"

(82)

ED2
-e(0.5-e + 2e2/3)

4(i-v2)
/ /y (D\3 ( d\
\d) \R) \b)

(83)
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CIRCULAR ELEMENTS OF THE PRIMARY ARRAY

OLD SPHERICAL
SURFACE

-CENTROID OF CIRCULAR ELEMENT

Fig. 4 Old and new surfaces showing the quantities r'c, y'c, and Zc .

n - 2 Circumferential Waves

EI2 1 D J=

Fig. 5 Coordinates, displace-
ments, and edge force and moment
resultants for circular element.

-LOCI OF
CONSTANT RMS
ERROR OF CIRCULAR
ELEMENTS\

(b)

. CENTCR OF PRIMARY
ARRAY

- APEX OF RETARGETED
PARABOLOID

d/0«l

(c)

Fig. 6 Loci of constant rms initial and residual surface error for
circular elements in the large primary array.

SANDWICH
o BOSOR-ACTUATOR RESULTS

APPROXIMATE FORMULAS

<84>

-1.0 -0.6 -0.2 +0.2 +0.6 +1.0

LOCATION OF ELEMENT CENTROID ~ f| = 2y c/D

Fig. 7 Comparison of rms residual surface error calculated from the
analysis presented in this paper and from the analysis of Ref. 9.

-——
X 768\/70 X D/ \R

(85) M3 3e(0.5-e + 2e2/3)
ED2 64(1+ v)

M2

~ED~2
-e(0.5-

n = 3 Circumferential Waves

D
5/2VS X

1 D
X ~ 32768^3

t\3/D\
/ \R'

(86)

(88)

n = 4 Circumferential Waves

=
X 4096-JlO X ' \D/ \R

(89)

(90)

(91)

M4 = 0 (92)

There was not attempt to correct the n = 4 component of
surface error in Eq. (90) as it is small.
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Inspection of the formulas for surface error reveals some
interesting facts:

1) The influence of shell wall thickness on residual surface
error affects only the n = 0 and n = 1 modes.

2) For primary reflectors with reasonable element
diameter-to-thickness ratios d/t, the axisymmetric residual
error E0/\ dominates.

3) The initial rms error for n > 2 is given approximately by

The first integral on the right-hand side of Eq. (97)
corresponds to loci such as shown in Fig. 6c and the second to
loci such as shown in Fig. 6a. If the apex 0 of the retargeted
primary lies outside of the array, such as shown in Fig. 6b, the
mean-squared error of the entire array is given by

4
(99)

X 8"(2n + 2) D

This formula can be used to calculate the highest n for which
error control by edge forces is required.

4) Since the axisymmetric component of residual rms error
dominates, the residual error for a primary reflector of
sandwich construction is approximately equal to that of
monocoque construction providing that the following
equation is satisfied:

(94)
sandwich

Thus, for given values of all other variables, the thickness of a
sandwich wall can be less than that for a monocoque wall.

The total mass of the primary reflector is given by

Total Primary Mass = > fac/

(95)
Pfa

It is generally true that pcore/pface< 1. Because of Eqs. (94)
and (95), and since smaller edge moments and forces are
required for reshaping sandwich walls than monocoque walls
of a given d/t, it is clearly advantageous to use sandwich
construction for the primary reflector.

Calculation of Initial and Residual Errors
for Entire Primary Array

Figure 6 shows a plan view of the primary array with center
at C and apex of the retargeted parabola at 0. The dotted line
is a circle with radius^', which for small retargeting angles a
and shallow primary arrays is given approximately by Eq.
(74). This dotted line represents, to the same degree of ap-
proximation, the locus of points in the x,y plane associated
with a constant element surface error. Such a locus is obtained
from Eq. (26) by setting c2 = 1 and dropping y'c2s/(2R)
compared to y— y0. If the apex of the retargeted primary lies
within the array, the mean-squared error of the entire array is
given by

D/2+y0

(96)

This integral can be divided into two parts,

D/2-y0 4

r D/2+y0 *
+ 2\ L

J D/2-y0 ^Q

(97)

in which

0 = cos-
^2+y2

0-(D/2)<
(98)

In Eqs. (97) and (99) E2
n denotes the mean-squared error of a

circular element for n circumferential waves.
In calculations of the mean-squared errors of the entire

array, the second integration on the right-hand side of Eq.
(97) and the integration in Eq. (99) are performed numerically
by Simpson's rule. The analysis of this section is valid only if
the diameter d of a circular element is small compared to the
diameter D of the primary array.

101

I 10"2

- TOTAL ERROR

0

n

KEY:

——- ERROR BEFORE RESHAPEMENT

—— ERROR AFTER RESHAPEMENT

on -O 'C IRC. WAVES

1 CIRC. WAVES

2 CIRC. WAVES

3 CIRC. WAVES

4 CIRC. .WAVES

z'

n n
On
A n

«.v n

TOTAL RMS ERROR
AFTER RIG ID BODY
ALIGNMENT BUT BEFORE

_ RESHAPEMENT
TOTAL RMS RESIDUAL
SURFACE FIGURE ERROR

A.

- n = 2

MONOCOQUE

_ D/A = 107

- f = R/2D = 1.5

ARRAY INITIAL ERROR

ARRAY RESIDUAL ERROR = 0.00276A

-1.0 -0.6 -0.2 +0.2 +0.6 +1.0 .

LOG AT I ON OF ELEMENT CENTRO ID - n = 2 y / D

Fig. 8 Initial and residual rms surface errors for various cir-
cumferential \vavenumbers n as a function of position of the circular
element in the primary array.
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D/A - 107

f - 1.5
d/D - 0.0667
d/t • 25.4
a - 10°

MONOCOQUE

10

10 J

-10

n-13

10

10 J

-14

n =0

n - 0

.n - 3

-1.0 -0.6 -0.2 0 +0.2 +0.6 +1.0
LOCATION OF ELEMENT CENTROID ~ n - 2yc/D

Fig. 9 Edge moment resultant amplitudes required for minimization
of rms residual surface error in a circular element as a function of
position of this element in the primary array.

Numerical Results
Figures 7-9 show some results of application of Eqs. (78-90)

to a system with D/\= 107, which would most likely apply to
an optical reflector. Figure 7 gives the rms residual error vs rj
of a single circular element. The solid line corresponds to the
rms error predicted from the square root of the sum of the
squares of the right-hand sides of Eqs. (79, 82, 85, 88, and
91). The points correspond to results obtained from a com-
puter program, BOSOR-ACTUATOR, based on the
numerical method presented in Ref. 9. The analysis of Ref. 9
does not contain any limitations from shallow shell theory nor
approximations such as defined by Eqs. (50, 58, 64, 74, and
76). In the BOSOR-ACTUATOR analysis, displacement
influence functions corresponding to actuator edge moments
and forces given by Eqs. (39) are obtained by BOSOR from a
finite-difference energy technique valid for any shell of
revolution. Calculation of the rms surface error is performed
by ACTUATOR, in which quantities such as defined by Eqs.
(69) are derived by numerical integration. The displacement
distribution required for reshapement, w r ( r , d ) , is generated
in ACTUATOR by Fourier series expansions of the cir-
cumferential variations at several radial stations and radial
variation by least-squares polynomial fitting of the Fourier
coefficients. Since the essentially numerical analysis of Ref. 9
and the ''closed-form" analysis presented here are so
dissimilar, the agreement of the two indicated in Fig. 7 tends
to validate both.

Figure 8 shows the initial and residual rms errors EIn and
En of a circular element located at various 77. All curves in Fig.
8 are symmetric about the z' axis. Note that, except for
elements located in the neighborhood of r /=-4.5 , the

residual error is essentially axisymmetric. Actuation of the
elements in the immediate neighborhood of y'0, the in-
tersection of the new axis of revolution with the surface of the
retargeted paraboloid, is relatively ineffective in correcting
the small initial error there because an axisymmetric edge
moment does not transform a shallow spherical cap into a
shallow paraboloidal cap, but merely changes its radius of
curvature uniformly. The dip near 17 = -4.5 in the curve for
total rms residual error of an element occurs because the term
in brackets in Eq. (79) for the axisymmetric component of
residual error vanishes near r? = - 4.5 in this particular case.

Figure 9 gives the amplitude of the edge moment resultants
Mn as a function of circular element location r; for the same
case as that from which Fig. 8 is derived. For elements located
equidistant from the new axis of symmetry (z' axis) but on
opposite sides of it, the circumferential distributions of
moments corresponding to even values of n are the same and
those for odd values of n are of opposite sign. The normal
force resultants Vn are obtained from Eqs. (60) and (63).

Conclusions
The purpose of this paper is to derive the formulas for

initial and residual rms surface error and edge moment
amplitude given in Eqs. (78-92). These formulas apply to the
aiming of shallow primary reflectors in such a way that the
secondary reflector does not translate. The edge moment and
force resultants required to minimize the rms residual surface
error are derived for n = 0 and n = 1 circumferential waves
from a shallow shell theory published by Reissner in 19462

and for n>2 circumferential waves from an inextensional
bending theory published by Flugge in 1960.6

Other numerical results pertinent to the design of an optical
system are presented in a com'parison paper.l There, the
ratios d/t and d/D are calculated for various/numbers such
that the rms residual error for the entire array is less than 0.01
times the wavelength of electromagnetic radiation. The
corresponding maximum actuator moments and the total
mass of the primary array are plotted for monocoque and
sandwich wall construction. The dependence of rms initial
and residual error on retargeting angle a is shown. Finally, in
Ref. 1 the analysis of Ref. 9 is used to determine the ad-
ditional rms residual surface error induced because the ac-
tuator forces and moments would in reality be applied at
discrete points on the circumference of each circular element
rather than as smooth functions, cos/70, as assumed in Eqs.
(39).
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